In this paper we have continued the calculations made recently concerning he generalization of the minimal coupling prescription. We have obtained the Navier-Stokes equation for the charged fluid embedded into an electromagnetic field. We have analyzed the wave feature of the fields. Wave equations for velocity and vorticity were obtained and gauge choices were discussed. In this paper we have studied the evolution of helicity and circulation from the Maxwell type formulation to the equations of a compressive fluid, charged in interaction with an electromagnetic field. We see that for both helicity and circulation there are terms that, in principle, can be considered as source terms or creation of circulation in the dynamics of fluids
INTRODUCTION
In recent papers some of us have discussed that, as an alternative way for the description of fluid dynamics, concerning both the compressible fluids [1] and the plasma equations [2] , the better path would be through the recasting of the equations of motion to obtain a set of Maxwell-type equations for the fluid. This transformation in the structure of the equations of motion results in the generalization of the concept of charge and current connected to the dynamics of the fluid [3, 4] . The identification of what will be considered as a source term in the resulting theory depends on the choice of the objects which will form the main part of its new structure of fluid dynamics. In Lighthill's work concerning the sound radiated by a fluid flow [5] , the applied stress tensor was considered as the source of the radiation field. R. J. Thompson [2] recently introduced an extension of this new structure of the plasma equations of motion, for each kind of fluid, from the equations of motion that describe such system.
The main motivation is to understand the thermodynamical arguments in order to obtain how the energy density ρ depends on the temperature T for a fluid's equation of state given by p = ωρ. Besides, the Stefan-Boltzmann law has been widely discussed in the scenario of black holes thermodynamics [6] , from where we know that the energy density is inversely proportional to the temperature. More recently, the observed acceleration of the Universe demands the existence of a new component, the well known dark energy, which rules out all other forms of energy and has a negative pressure. The presence of such energy in the Universe deserves detailed analysis, such as the consequences related to the application of the generalized second law [7] or the entropy bound [8] . Some elements, such as the phantom fields (ω < −1), which have a negative kinetic energy, negative temperature and the entropy is always positive, can also change completely the evolution of black holes and their connection to the generalized second law, as was discussed in [9, 10] .
The purpose of this paper is to analyze the equation that governs the evolution of helicity and also to study the mechanism of vortex generation from the rate of variation of the circulation associated with the canonical moment γ v · d 3 x. The origin of the magnetic field as well as the vorticity is one of the problems not solved in theoretical physics.
In this paper we will follow a sequence such that in section II, we have continued the calculations that began in [11] concerning he generalization of [12] . We have obtained the Navier-Stokes equation for the charged fluid embedded into an electromagnetic field. In section III we have analyzed the wave feature of the fields. Wave equations for velocity and vorticity were obtained and gauge choices were discussed. In section IV, we have computed the dynamics of helicity and circulation. We have left the final section for the general considerations and conclusions.
LAGRANGIAN FORMALISM AND THE FIELD EQUATIONS
Recently [11, [13] [14] [15] , some of us have shown that a Lagrangian formulation for a compressible charged fluid, with each species labeled by an index α, immersed in an electromagnetic field, can be obtained resulting in a Maxwell-type action for the fluid, given by
where G µν α is a second rank tensor taking into account the coupling with the electromagnetic field, given by,
where ǫ α is the charge and m α is the mass of the charge. The fully antisymmetric second-rank "flow" tensor is defined by
and the four-vector potential
where
α is the total energy, h is the enthalpy per mass unit and v α is the average velocity field. The space-time metric is η µν = (− + ++) and F µν is the second-rank tensor of the electromagnetic field.
So, from the Lagrangian density in Eq. (1) we have the following set of inhomogeneous equations
where ω = ∇ × v is the vortex and l = ω × v is the Lamb vector, that can be written as
The homogeneous equations that can be written in terms of the dual field-strength tensor are
α ∇σ that carries the contribution due to viscosity and statistical features; T is the temperature, s α is the entropy per unit mass, and
is the viscosity stress (µ and ξ are called coefficients of viscosity) [16] . The derivation of Eqs. (6) and (7) has demanded the introduction of two new concepts analogous to the electric charge densities ρ el and current densities j el , the turbulent charge n α and the turbulent current vector j α given by
The analytical form of the source terms describe the behavior of these effective charge and current densities as a function of the fluid fields. These quantities should be taken as an input and can not be determined by the theory. Thus, our ability to obtain them by observation have an utterly importance and the construction of appropriate models for both the generalized charge and current densities is a necessary step to calculate the generalized fields of the fluid. We can also write the above Lagrangian density Eq. (1) in terms of the "potentials of the theory," as
Notice that the interaction with the electromagnetic field let us to introduced a generalized Lamb vector (ˆ l) and generalized vortex (ˆ ω) field
Another interesting consequences of this formalism, Eq. (1), for the compressible fluid is given by the conjugated momenta associated with velocity, that is
Using the relation (16), we finally have the Navier-Stokes equation for the charged fluid immersed in an electromagnetic field
this is the momentum equation where the Lorentz force is present. This equation must be further supplemented by conservation of entropy and the Maxwell equations.
WAVE EQUATIONS
We can also analyze is the wave feature of the fields for the fluid immersed in the electromagnetic field. As in Maxwell's electromagnetism, under certain circumstances it is more appropriate to work with the wave equations because they allow a better understanding of how the electromagnetic fields behave. So, from the Eqs. (6) and (8)
which are the wave equations for the velocity and vorticity fields with the objects written in terms of turbulent sources and with contributions due to the interaction with the electromagnetic field, j el , as well as due to both viscosity and temperature in k α .
Eq. (20) shows the wave character of the fluid dynamics equations described by Eqs. (6)- (7) and Eqs. (10)- (11) . Hence, knowing the source terms, we may determine the evolution of each species within the fluid separately by these wave equations. Besides, Eqs. (20) allow us to make an interesting observation about a conceptual difference between both theories, namely, electromagnetism and fluid theories.
The equations for the electromagnetic potentials ( A, Φ), which have expressions analogous to mathematical equations, can be decoupled through a suitable choice for potential called gauge transformations
and
which do not affect the physics of the system. In fluid dynamics, this freedom is not simply a choice of gauge, it has implications about the physical nature of the flow. The relation ∇ · v = 0 in fluid dynamics, which is equivalent to the Coulomb gauge, is not a true gauge but it is a choice of the incompressibility of the flow. Similarly, the Lorentz gauge has a corresponding equation which connects the fluid dynamics given by
and which is analogous to a compressible fluid. Thus, we observe that a "gauge choice" in fluid dynamics is directly related to the hypothesis made about the compressibility or incompressibility of the fluid [2] .
EVOLUTION OF THE HELICITY AND CIRCULATION
It is well known that for the electromagnetic field in vacuum, the helicity is defined by
Here A is the usual magnetic vector potential and B = ∇× A. The relativistic generalization of helicity is defined by an integral over the zeroth component of the four-vector
where F µν is the dual of the second-rank tensor of the electromagnetic field F µν . Its consequence is that j ν is conserved
only if E · B = 0. So the helicity j 0 d 3 x is a constant of the motion.
Therefore, from the analogy with electromagnetism, we can represent both
A µ to the fluid, thus the four-vector j µ can be written
Then, using the Eq. (10), the antisymmetry of G µν , and
whereˆ l andˆ ω was defined in Eq. (17), we observe that
But, from the Eq. (20) and using Eq. (9), we can obtain, after some calculations, in the form of an Ohm's law, that
Thus we can see that
namely, we only have a conserved current for special vorticity fields or when we do not have contributions due to viscosity and statistical features, represented by the term k. So, in this case the rate of variation of helicity to the fluidĥ = ˆ u ·ˆ ω d 3 x, is given by
where γ is the vortex tube moving with the fluid such thatˆ ω ·n = 0 for all normal vectors to the boundary ∂ γ . When the fluid is incompressible with density ρ 0 , we have
where ν = µ/ρ 0 is the (kinematic) viscosity. Note that the first term of the right hand side of Eq. (34) is exactly the same result found in the literature and we have an extra term due to statistical features of the fluid, the second term on the right hand side. This result has not been derived before.
The Circulation
The scalar functional of considerable importance in the description of vortex flows is the circulation C around a simple curve γ, defined as the line integral of the velocity
which is important concerning its conservation principles (Kelvin's circulation theorem). The circulation, associated with a physical quantity, calculated along the loop γ, may be zero or finite depending on whether this physical quantity is an exact differential or not. For example, if this physical quantity is T ds (T = temperature; s = entropy), the circulation is generally finite and measures the heat gained in a quasistatic thermodynamic cycle. We now calculate the rate of change of this circulation as the curve moves with the fluid
where the generalized velocityˆ v is expressed bŷ
Now, using that E = − ∂ A ∂t − ∇Φ, B = ∇ × A and Eq. (19) we obtain that
where E is the effective energy
Substituting Eq. (38) into Eq. (36) we have that the rate of variation of the circulation C is
where Γ B = ∇T × ∇s, is the standard Biermann (baroclinic) mechanism [17] and Γ ν = ∇ × (ρ −1 ∇σ), which was explicitly displayed on the right hand side, are the possible sources of the circulation C. So, we can write that
where ∂ γ is the surface that moves along the fluid. We can observe from Eq. (42) that the first term on the right hand side contributes to the rate of change of the circulation if γ ∇E · d x = γ d E = 0, that is, if the fluid-dynamic force derived from the energy density E is not an exact differential.
Besides, we have two other contributions to the rate of variation of circulation, the second term on the right side, which is a form of source that could, in principle, generate vorticity. It represents the flow of Γ B through the surface ∂ γ . This term is zero when it is a barotropic fluid, where the density only depends on the pressure and the temperature is constant.
The last term of the right hand side of Eq. (42) is also a source term for a contribution due to the viscosity of the fluid, and represents a flow of Γ ν through the surface ∂Γ. Notice that, by considering for simplicity the case of an ideal fluid with density ρ 0 , we have the term Γ ν ≈ ∇ 2ˆ ω. In this case, at the beginning, when the vorticity is still zero Γ ν is necessarily negligible. However, being proportional to the generated vorticity, the dissipative term will become progressively large as the fluid builds up vorticity.
FINAL DISCUSSIONS
In this paper we have obtained the analytical form of the source terms which is a new result that helps in the calculation of the generalized fields fo the fluid. After that, we have constructed the Navier-Stokes equation for the charged fluid immersed in an electromagnetic field. And we have calculated the wave equations for the velocity and vorticity fields. The gauge choice dynamics were analyzed.
Finally, we have analyzed the time evolution of helicity and circulation from Maxwell's type formulation for the equations of a compressive fluid, charged in an interaction with an electromagnetic field. We can see that for both helicity and circulation there are terms that, in principle, can be considered as source terms or creation of circulation in the dynamics of fluids. 
